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Primordial gravitational waves generated during inflation lead to the B-mode polarization in the
cosmic microwave background and a stochastic gravitational wave background in the Universe. We
will explore the current constraint on the tilt of primordial gravitational-wave spectrum, and forecast
how the future observations can improve the current constraint.
The primordial gravitational waves (GWs) encode the
information about inflation (see a recent brief summary
in [1]), and the power spectrum of primordial GWs have
attracted a lot of attentions. There are in general two
crucial properties for the primordial GW power spec-
trum, namely the amplitude and the tilt (nt). Even
though the B-mode polarization of cosmic microwave
background (CMB) can be used to constrain the tensor
tilt [2], the cosmic variance places an inevitable measur-
ing uncertainty of tensor tilt, i.e. σnt = 1.1 × 10−2 for
`max = 300 in [3].
In fact, not only do the primordial GWs lead to the B-
mode polarization of CMB, but also generate a stochas-
tic gravitational wave background (SGWB) covering very
wide frequency bands. After LIGO Science Collaboration
announced the first direct detection of GW from the co-
alescence of binary black holes [4], many experiments are
prepared to measure GW in a wide range of frequencies,
such as which includes updated LIGO detector, LISA de-
tector, Pulsar timing array (PTA) and so on. All of these
observations are sensitive to the stochastic gravitational
wave background.
In order to achieve a better constraint on the tensor
tilt, ones should combine observational datasets at dif-
ferent frequency bands. Roughly speaking, the CMB B-
mode polarization can constrain the spectrum in the very
low frequency band (10−20 ∼ 10−15 Hz), and the most
sensitive frequencies for LIGO/Virgo, LISA and PTA ex-
periments are at around 10Hz, 10−3Hz and 10−8Hz, re-
spectively. One can expect to combine these experiments
to obtain a much better constraint on the tensor tilt.
Actually, the constraint on the positive part of tensor
tilt can be significantly improved by combining CMB B-
mode polarization data with the LIGO upper limit on
the intensity of SGWB in [5].
In this letter, we combine the CMB B-mode data from
BICEP2 and Keck array through 2015 reason [6] and the
∗ lijun@itp.ac.cn
† chenzucheng@itp.ac.cn
‡ huangqg@itp.ac.cn
null search results of the SGWB from LIGO O1 and O2
[7, 8] to obtain the latest constraint on the tensor tilt.
Furthermore, we will also forecast how much the future
GW experiments, including LISA, IPTA, and FAST, can
improve the constraint on the tensor tilt by combining
with CMB B-mode polarization data.
The B-mode component of CMB polarization mainly
comes from the tensor perturbation on very large scales
and encodes the information about primordial GWs [9].
In addition, the primordial GWs also generate an irre-
ducible background. SGWB is a type of gravitational
wave produced by an extremely large number of weak,
independent and unresolved GW sources. It is useful
to characterize the spectral properties of SGWB by in-
troducing how the energy is distributed in frequency as
follows
Ωgw(f) =
1
ρc
dρgw
d ln f
=
2pi2
3H20
f3Sh(f). (1)
The fractional contribution of the energy density in GWs
to total energy density is a dimensionless quantity and
Sh(f) is the strain power spectral density of a SGWB.
For simplicity, the power spectrum of the tensor pertur-
bations is parameterized by
Pt(k) = At
(
k
k∗
)nt
, (2)
where At is the tensor amplitude at the pivot scale k∗ =
0.01 Mpc−1 and nt is the tensor tilt. If the amplitude of
power spectrum decreases with increasing frequency, the
spectrum is red-tilted, and if the amplitude grows with
the increasing frequency, the spectrum is blue-tilted. For
convenience, we introduce a new parameter, namely the
tensor-to-scalar ratio r, to quantify the tensor amplitude
compared to the scalar amplitude As at the pivot scale:
r ≡ At
As
. (3)
And then today’s GW fractional energy density per log-
arithmic wave-number interval (the amplitude of this ir-
reducible background) is given by, [5, 10],
Ωgw ' 15
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2where Ωm is matter density, H0 is Hubble constant, η0 =
1.41 × 104 Mpc denotes the conformal time today and
keq = 0.073Ωmh
2 Mpc−1 denotes the wavenumber when
matter-radiation equality.
To characterize the detection ability for a GW detec-
tor, it is necessary to calculate the corresponding signal-
to-noise ratio (SNR). For Advanced LIGO detectors, the
SNR is given by [11]
ρ =
√
2T
∫ df M∑
I,J
Γ2IJ(f)S
2
h(f)
PnI(f)PnJ(f)
1/2 , (5)
where T is the observation time, PnI and PnJ are the
auto power spectral densities for noise in detectors I and
J . For an autocorrelation measurement in the LISA de-
tector, the SNR can be calculated by [11, 12]
ρ =
√
T
[∫
df
(Ωgw
Ωn
)2]1/2
, (6)
where Ωn is related to the strain noise power spectral
density Sn by
Ωn =
2pi2
3H20
f3Sn. (7)
For a PTA measurement, we assume all pulsars have
identical white timing noise PSD [11]
Sn = 24pi
2f2∆t σ2, (8)
where 1/∆t is the cadence of the measurements and σ is
the root-mean-square timing noise. Then the SNR can
be obtained by
ρ =
√
2T
 M∑
I,J
χ2IJ
1/2 [∫ df ( ΩGW(f)
Ωn(f) + ΩGW(f)
)2]1/2
,
(9)
where χIJ is the Hellings and Downs coefficient for pul-
sars I and J [13]. Here, we consider two PTA projects,
namely IPTA [14] and FAST [15], respectively. We make
the same assumptions for these PTAs as were presented
in [16]. The number of pulsars, observation times and
timing accuracy for these PTAs can be found in Table 5
of [16].
First of all, we adopt the currently available data to
constrain the tensor tilt by using the publicly available
codes Cosmomc [17]. Here we take parameters r and nt
as fully free parameters, i.e. r ∈ [0, 1], nt ∈ [−4, 6], and
fix the standard ΛCDM parameters preferred by Planck
observations in [18]: Ωbh
2 = 0.02242, Ωch
2 = 0.11933,
100θMC = 1.04101, τ = 0.0561, ln
(
1010As
)
= 3.047,
ns = 0.9665. In the ΛCDM+r+nt model, the constraints
on parameters r and nt from BK15 datasets are given by
r < 0.066 (95% C.L.), (10)
nt = 0.96
+3.01
−3.77 (95% C.L.). (11)
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FIG. 1. The marginalized contour plot for parameters nt
and r at 68% CL and 95% CL from BK15, BK15+LIGO,
BK15+LISA, BK15+IPTA and BK15+FAST datasets, re-
spectively. Here we assume the non-detection of SGWB from
future observations including LISA, IPTA and FAST.
Combining BK15 with LIGO, the constraints on param-
eters r and nt become
r < 0.068 (95% C.L.), (12)
nt = −0.84+1.64−2.30 (95% C.L.). (13)
A scale-invariant primordial GW power spectrum is con-
sistent with the current datasets, and the constraint on
the positive part of tensor tilt is significantly improved
once the LIGO data is taken into account. See the results
in Figs. 1 and 2.
Here we are also interested in exploring the abilities of
future GW observations, such as LISA, IPTA and FAST,
for constraining the tensor tilt. We assume the non-
detection of SGWB for LISA, IPTA and FAST, and then
see how these data will potentially improve the constraint
on the tensor tilt. Similarly, the potential constraints on
parameters r and nt at 95% C.L. are
r < 0.065 (95% C.L.), (14)
nt = −1.02+1.57−2.19 (95% C.L.), (15)
from from BK15+LISA datasets;
r < 0.067 (95% C.L.), (16)
nt = −0.86+1.53−2.19 (95% C.L.), (17)
from BK15+IPTA datasets; and
r < 0.063 (95% C.L.), (18)
nt = −1.03+1.41−2.12 (95% C.L.). (19)
from BK15+FAST datasets, respectively. The results are
illustrated in Figs. 1 and 2.
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FIG. 2. The likelihood distributions of parameters nt
from BK15, BK15+LIGO, BK15+LISA, BK15+IPTA and
BK15+FAST datasets, respectively. Here we assume the non-
detection of SGWB from future observations including LISA,
IPTA and FAST.
To summarize, we constrain the tensor tilt from CMB
polarization experiments and LIGO interferometer ob-
servations, and forecast the potential abilities of LISA
detector and PTA projects for measuring tensor tilt. We
find that LIGO, LISA and PTA can significantly improve
the constraints on the tensor tilt if the amplitude of the
tensor power spectrum is not too small to be detected. In
particular, FAST may provide a much better constraint
on the positive part of the tensor tilt, namely nt < 0.38
at 95% C.L..
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